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1.   IntroductIon               
The major difficulty in the analysis of tracked vehicles 
using multi body dynamics is realistic modelling of tracks and 
their interaction with terrain. As the track involves large number 
of interconnected rigid bodies with complex constraints, 
analytical models of tracks ranging from single flexible band 
to complex rigid bodies interconnected with revolute joints are 
reported in literature. 
Depending on the focus of the study the representation 
of tracks varies. An accurate analysis would require the 
model to have dynamics of each track link1-3. Such models are 
computationally expensive yet provide useful information in 
mechanical design of tracks. Focus of models discussed in4,5 
is to develop track models for ride dynamic analysis. These 
models take into account of the kinematic constraining effects 
of tracks on suspension system and predict the ride dynamic 
response. Models discussed in6 are focused on studying the 
tractive performance of a tracked vehicle by considering the 
equilibrium of forces acting on the track system at steady 
state. 
The proposed model comes under the scope of multi-body 
modelling approach. To overcome the drawbacks in having 
large number of bodies and complex joints for tracks, tracks 
are represented by a set of imaginary wheels and mechanical 
links. The purpose of this study is to look at the ride dynamic 
analysis of a tracked vehicle with this alternate model for 
tracks. In section 2 of this paper, the alternate model for tracks 
is introduced. In section 3, a nonlinear contact force model, 
used for finding normal and tangential forces is discussed. In 
section 4, the strategy adopted for solving the DAEs out of 
the alternate model is presented. In section 5, the results of 
the simulation of a tracked vehicle with alternate track model 
on a sinusoidal road profile are compared against the field 
measurements on a tracked vehicle.  
2.  AlternAte model for trAcks
2.1 role of tracks in a tracked vehicle
The track performs several functions:
(a)  It distributes the weight of the vehicle with its larger 
contact area and reduces sinkage resistance
(b)  Generates tractive force to propel the vehicle
(c)  Tracks envelop the road wheels and constraints the 
suspension system – track bridging effect.
The tracks varies in length and dimensions, with a long 
pitch for slow moving vehicles such as crawlers, whereas for a 
high speed tracked vehicle such as a battle tank have tracks with 
short pitch relative to their road wheels.  Wong6, et al. has done 
series of analytical and experimental studies to find the normal 
pressure distribution under the tracks. It can be understood 
from these studies that the pressure distribution is higher under 
the road wheels and lesser in between the road wheels; also the 
distribution varies with track tension and softness of terrain. 
For example, in case of a hard terrain with flat road profile the 
pressure distribution under the area between two road wheels 
is almost zero, which implies no traction generation. However, 
if the road profile is non-flat, the area between the road wheels 
will generate traction based on the tension of track.
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2.2 Alternate model
The planar multi-body model of a tracked vehicle used in 
this study is as shown in Fig. 1.
The model has twenty three rigid bodies with six road 
wheels, six road arms, five imaginary wheels, five imaginary 
road arms and a vehicle body. For simplicity the imaginary 
wheels are considered to be of same dimensions as the road 
wheels and are placed in between two road wheels. The 
imaginary wheels are attached to the road wheels using 
imaginary road arms with torsional spring and damper system 
at the pivot, this torsional spring and damper system used 
to mimic the track tension. The road wheels are attached to 
the chassis using road arm with torsional spring and damper 
system at the pivot, this torsional spring and damper system 
will mimic the vehicle suspension system. 
Placing imaginary wheels in between the road wheels 
increases the contact area of vehicle running gear thus 
reducing the normal load and sinkage. To mimic the track 
driving characteristics all the wheels including the imaginary 
wheels will be given a proportion of driving torque based on 
the normal load acting on the wheel. Thus the role of tracksas 
mentioned earlier has been taken into account.  The schematic 
diagram of the road wheel, imaginary wheel and suspension 
system is as shown in Fig. 2.
The suspension model is considered to be linear; however 
a nonlinear suspension model can be taken into account if 
needed. The suspension forces are formulated as
( ) ( )Q k ci s i j s s i j= θ − θ + θ + θ −θ
 
                              
(1)
( ) ( )Q k cl sl l j s s l j= θ − θ + θ + θ −θ
 
                            
(2)
( )Q Q Qj i l= −                                                               
(3)
where ks  and cs are torsional stiffness and damping constants 
of the road wheel suspension system, ksI and CsI are torsional 
stiffness and damping constants of the imaginary wheel 
suspension system. The imaginary wheel stiffness is assumed 
to be quite lower than the road wheel stiffness.
3.  Wheel-terrAIn contAct force model
Only the road wheels and imaginary road wheels are 
assumed to be in contact with the ground. The contact between 
a wheel and a ground can be represented in terms of constraint 
equations, but these constraint equations will prevent wheel-
ground separation and wheel slip. A better way of representing 
wheel-ground contact will be by means of contact force models. 
Contact forces are generated when two bodies are interacting 
with each other. In general, two approaches are being used 
to study the interaction between bodies. If the interaction is 
for short interval of time impact mechanics is used, if the 
interaction is continuously occurring then elastic contact force 
models with dissipation are used. The ground is characterised 
with massless spring and damper system both in normal and 
tangential directions. A nonlinear normal force model and 
linear tangential force model are used.The schematic diagram 
for finding contact forces in wheel-ground contact is as shown 
in Fig. 3.
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figure 2. road and imaginary wheel suspension. figure 3. normal and tangential contact force model.
figure 1. tracked vehicle model with imaginary wheels.
Revolute joint with torsional spring and damper
Revolute joint
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where z is the penetration distance of a wheel on terrain, z is 
the rate of penetration – computed from state variables of the 
wheel in contact, kn and cn are normal stiffness and damping 
coefficients, kt and ct are tangential stiffness and damping 
coefficients, x is tangential displacement of the terrain at the 
contact point, p is the contact point velocity. 
 The contact point velocity is determined from the angular 
and longitudinal velocity of the wheel. To account for wheel 
slip, a Columb friction model is considered. The tangential 
contact forces are computed and compared with the limiting 
friction value and fed into the equations of motion. Along with 
the ordinary differential equations for rigid body motion, the 
differential equations arising out of contact model has to be 
solved simultaneously. To account for calculation of normal 
and tangential contact forces in a non-flat terrain profile, the 
slope of the terrain profile at the point of contact of the wheel 
with the terrain is computed. The force computed out of the 
contact force model is resolved into components in directions 
along and perpendicular to the slope to compute tangential and 
normal forces, respectively.  
4  mAthemAtIcAl model
The configuration of each body in the system is represented 
using absolute Cartesian generalised coordinates that defines 
the position and orientation of a body fixed coordinate system. 
The position and orientation of the body fixed coordinate are 
measured with respect to a fixed global frame at the origin. 
As in a plane each body has three degrees of freedom, a 
unconstrained multi-body system with 23 bodies has 69 
independent generalised coordinates represented as
{ }...1 1 1 2 1 23 23 23 Tq R R R R R Rx y x y x y= θ θ                 (8)
The multi-body system with alternate track model has 22 
revolute joints introducing 44 constraint equations.
The kinematic constraint equations with specified 
trajectories can be represented in constraint vector as
( , ) 0C q t =                                                                     (11)
The equations of motion of the multi-body system with 
alternate track model are obtained using lagrangian framework 
as
T
q eM q C Q+ λ =                                                            (12)where M is system mass matrix, Cq is the Jacobian matrix 
of the kinematic constraints, λ  is the vector of lagrangian 
multipliers and Qe is the vector of external forces. 
 As the constraint equations are arising out of revolute 
joints, the constraints are holonomic and in terms of position 
coordinates of the interacting bodies. It can be seen that 
in equation the lagrangian multiplier is in algebraic form, 
while coordinates are indifferential form with second order 
derivatives. Equations (11) and (12) form a set of DAEs which 
needs to be solved simultaneously. In general DAE solvers will 
repeatedly differentiate the equations and to get a set of ordinary 
differential Eqns (ODEs) called index reduction. however, 
index reduction technique is not preferred as the right hand 
side (rhs) of the Eqn (12) has discrete contact force model for 
wheel terrain contact. Instead, a stabilisation technique is used 
to solve the DAEs.
The constraint equations in acceleration form are 
augmented into the equations of motion in state space form as
0q tC q C+ =                                                                  (13)
( ) 2 0q q q qt ttC q C q q C q C+ + + =                                     (14)
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(15)
The suspension and wheel-terrain contact forces are 
computed ahead of rigid body simulation and fed into the 
equations of motion as external forces. With consistent initial 
conditions satisfying the constraints, these set of first order 
ODEs along with ODEs arising out of contact force models 
are solved using numerical integration technique. At every 
step of integration baumgarte stabilisation technique7 is used 
to satisfy the position and velocity constraints. 
5. sImulAtIon results
Simulation of the proposed model is carried out; the 
tracked vehicle with alternate model for tracks is made to run 
over a sinusoidal terrain profile of 100 mm amplitude and 7 m 
wavelength at a constant speed of 15 kmph. The dimensions 
and inertia properties of the tracked vehicle model used in the 
study are as shown in Table 1. 
The simulation results are compared against the 
experimental measurements8 made on a tracked vehicle with 
same dimensions and inertial properties. Figure 5. shows the 
time domain measurement of vertical acceleration of center of 
mass of the vehicle.
A fast Fourier transform (FFT) of the experimental and 
simulation vehicle center of mass acceleration measurements 
is shown in the Fig. 6. As seen from this figure, there is an 
excellent match of the response amplitudes at 0.6Hz, which 
figure 4. revolute joint.
The kinematic constraint equation out of a revolute joint 
between two bodies i and j is represented in vector form as
0r rpi pj− =

 
                                                                 
(9)
More explicitly in matrix form as
0
0
xi pxii i
yi pyii
xj j j pxj
yj j j pyj
R uCos Sin
R uSin Cos
R Cos Sin u
R Sin Cos u
θ − θ       + −    θ θ       
θ − θ          − =      θ θ          
                     (10)
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corresponds to the fundamental excitation frequency for 15 
kmph speed on a sinusoidal track with 7 m wavelength.
Higher harmonics in the experimental data may be due to 
the fact that the constant speed of 15 kmph was not practically 
maintainable.
The normal load acting on the road and imaginary wheels 
while the vehicle passing over the sinusoidal track is as shown 
in the Fig. 7.
It is observed from the simulation that the normal load 
shared by the imaginary wheel can be varied by varying the 
torsion bar stiffness attached with the imaginary road arm. 
Also, the imaginary wheel stiffness has lesser significance in 
influencing the vertical acceleration of the vehicle.
dimensions and Inertia properties
Half sprung mass 5125 kg
Pitch moment of inertia 14630 kg m2
Mass of road  and imaginary wheels 75 kg
Stiffness of road wheeltorsion bar 75530 N/m
Damping coefficient for road wheel torsion bar 4732 Ns/m
Stiffness of imaginary wheel torsion bar 10000 N/m
Damping coefficient for imaginary wheel torsion bar 5000Ns/m
Road wheel radius 0.32 m
Wheel base 3.5 m
Distance between road wheels 0.583 m
table1. dimensions and inertia properties of the tracked 
vehicle
figure 5. Vertical acceleration of center of mass of the vehicle: 
(a) experiment and (b) Proposed model.
figure 6. fft of vertical acceleration of center of mass of the 
vehicle.
          figure 7. normal loads.
6.  conclusIons
It is been understood from the literature related to tracked 
vehicle dynamics that a multi-body model is necessary to 
study and analyse its performance on an unprepared terrain.
The presence of large number of bodies and complexity of 
joints such as a sprocket track interaction pose computational 
difficulties. In this paper the tracks are replaced by novel 
imaginary wheels connected to the road wheels. Ride dynamic 
studies are simulated on the proposed model and compared with 
the experimental results. The ride dynamic study demonstrates 
the applicability of the alternate model for tracked vehicle 
performance studies. This proposed model can be easily 
integrated with other vehicle dynamic models such as engine, 
transmission and terrain models which can be used as a vehicle 
simulator. 
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